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Abstract-The geostrophic wind, to which a logarithmic velocity profile is attached, is 
considered as a fluid flow over a dune. The erosion on the dunes due to this flow field 
is calculated by using the Exnerian erosion theory. A numerical example is given to 
present the time rate of change of height of a dune or the movement of a sand dune 
over time. An explanation of the wave behavior of the movement of sand dunes is also 
included. 
I. INTRODUCTION 
The movement of sand dunes has been studied from different points of view, e.g., in [I], 
[21, and classically in [3], among others. In the previous papers of this series, the flow 
over dunes is considered as a local phenomenon; in this paper, however, the ideas related 
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to the flow over dunes are expanded to include wind effects on the erosion of dunes, The 
geostrophic wind [4] which is caused by atmospheric pressure differences and Coriolis 
forces is considered. Centrifugal forces are neglected since only a limited region is modeled 
in studying the movement of sand dunes. The erosion resulting from this wind field is 
studied. 
The mathematical model given here involves the solution of the Navier-Stokes equa- 
tions simplified by the assumptions in the preceding paragraph. A closed form solution 
is obtained for three equations by considering the pressure field and drift angle to be 
constant. These assumptions are realistic since a relatively small desert area, 500 meters 
square, is considered. Following [4], solutions are obtained separately for the outer or 
geostrophic/Ekman layer and for the inner or surface layer. It is assumed that the un- 
dulation of the desert surface does not affect the geostrophic wind since the dune heights, 
which are about 10 meters, are much smaller than the surface layer thickness. A loga- 
rithmic wind profile is adopted for the surface layer which is determined by frictional 
effects arising from the desert surface. The surface layer solution is patched to the asymp- 
totic representation of the geostrophic/Ekman layer solution by requiring the continuity 
of the horizontal velocity and of its derivative at a certain height above the desert surface 
known as the patching height. Exnerian erosion theory is then utilized with this flow field 
to evaluate the dune’s change of height. A numerical example is provided to illustrate 
more concretely the theoretical analysis. 
Moreover, the wave equation which governs the movement of sand dunes in deserts 
is introduced. The formation and attenuation of steep sided dunes in deserts are discussed. 
2. ANALYSIS 
The governing equations for the geostrophic wind velocity can be written by considering 
the following balance: 
Inertia forces = Pressure + Coriolis forces. 
This balance yields the simplest way to obtain the governing equations for the geo- 
strophic wind velocities which do not involve the general form of the Navier-Stokes equa- 
tions, [4]. If eddy viscosity is assumed constant in the geostrophic/Ekman layer, then the 
governing equations in the X-, y-, and z-directions for the steady case are: 
-Kuzl = -PAP + fv7 (2.1) 
K vzr = PyIP + fll, (2.2) 
0 = -pJp - g, (2.3) 
where K, u, p, p, f, v, and g are, respectively, the eddy viscosity, the fluid velocity in 
the x-direction, the density of the ambient medium (air), atmospheric pressure, the Coriolis 
coefficient, the fluid velocity in the y-direction, and the constant of gravitational accel- 
eration. The subscripts X, y, and z denote the partial derivatives with respect to these 
variables. 
Equations (2.1)-(2.3) may be written in the following nondimensional form: 
; + EiiZ, - px/p = 0, 
Ir - E&; + j&/p = 0, 
go + P:lP = 0, 
(2.4) 
(2.5) 
(2.6) 
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where E = K/f, go = g/f and 5 = C/G, ii = U/G, p = p/f, and G is the geostrophic 
wind velocity. To simplify notation, the bars will be omitted. 
The boundary conditions for Eqs. (2.4)~(2.6) ate: 
U(O) = l/h, v(O) = 0, U(X) = COW, and z(z) = since (2.7) 
where uh is the dominant velocity at the lower boundary and OL is the angle (or the drift 
angle) between u and the projection onto the z = 0 plane of the geostrophic wind vector 
at infinity. By making the transformation < = (E/Z)“‘z, the equations for 11 and u become 
-0 f llg - PJP = 0, 
11 - vcc + pJp = 0. 
The complete solutions for this system are: 
u(c) = -(Py/p) f (I/PO) exp(-t){bO)y + POllhI cost f (PO)1 sint), 
45) = - (PJp) + (I/PO) w(- ~N(Po)~ + p0t(hl sin< - (PO).~ cost;] 
where the subscript o indicates evaluation at z = 0. It should be noted that: 
u(m) = -p&G y, =)/p(x, y, m) = cosa, 
v(=) = PAX, y, =)/p(x, y, m) = sina, 
U(O) = --[p&r, y, O)/p(x, y, 0)] + [p,(& y, O)/p(.r, y, O)] + l(h = lib. 
~(0) = [PAX, Y, WP(X, y, 011 - [p&, y, OYp(x, y, 011 = 0. 
(2.8) 
(2.9) 
(2.10) 
(2.11) 
(2.12) 
(2.13) 
(2.14) 
(2. IS) 
The solutions given by (2.10) and (2.11) assume a prescribed pressure gradient field. This 
is a sine qua non for proceeding analytically; however, a constant pressure gradient which 
is, of course, the simplest (though globally unrealistic) can be adopted for small enough 
regions. In order to study desert regions like those considered here, the choice of such 
a pressure gradient can easily be permitted. Dimensionally the solutions for the constant 
pressure case are: 
K = G coscy - G exp( - z/S){cos[a + (z/6)] - (Llh/G) cos(z/6)}, (2.16) 
u = G sina + G exp( -z&){sin[ol + (z/6)] - (Uh/G) sin(z/8)} (2.17) 
where G2 = 11: + vi, uR and vI: are the components of the geostrophic wind in the x and 
y directions respectively and 6’ = 2Klf. 
The impossibility of verifying the solutions given by (2.16) and (2.17) in the proximity 
of land requires the development of a different solution, i.e. the surface layer solution. 
The solution commonly adopted for this region, which is known as the logarithmic velocity 
profile, can be written as: 
IIS = uo ln[(z/z0) + 11 (2.18) 
where u. and z. are coefficients related to the wind velocity and the surface roughness 
respectively. If the dune rests on the z = 0 plane (see Fig. 1) and h is the height of the 
dune, Eq. (2.18) may be written in the direction which is normal to the dune surface as 
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Fig. I. Dune in the geostrophic wind. 
follows: 
11, = u. In{[(z - h)/zo cost31 + 1) (2.19) 
where 8 is the slope of the dune surface. 
The unknown uo, together with H which is known as the matching height, may be 
determined by requiring the continuity of velocities ~1 and U, and their derivatives along 
the direction which is normal to the dune surface, at the boundary of the geostrophicl 
Ekman layer and the surface layer where z = H, i.e. 
case u = u, and cost3 11; = (II,), (2.20) 
where 
uZ = (G/6) exp( -zlb){cos[o + (z/S)] + sin[cl + (z/8)] 
- (uJG) [cos(z/6) + sin(z/b)]}, 
(ll,)z = Uol(Z - h + zo co@). 
(2.21) 
(2.22) 
The direction, which is normal to the dune surface, is chosen to preserve to logarithmic 
profile in this direction. By setting u(H)Iu,(H) = u~(H)I[u,(H)]~, the equation for H 
becomes: 
(H - h + to case) In{[(H - h)ko cc&] + 1) 
= (G/A) cosa - (G/A) exp( -HIG){cos[a + (H/6)] - (NIJG) cos(H/G)} (2.23) 
where 
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A = (G/8) exp( -H/6) {cos[a + (HIS)] 
+ sin[ol + (H/6)]} - (uh/G) [cos(H/G) + sin(H/G)], (2.2-l) 
and the equation for u. is 
uo = A (H - h + i. cod) ~093. (2.23) 
The varying values of H and u. can be determined by Eqs. (2.24) and (2.25) along the 
dune profile. This concludes the analysis of the field around the dune which considers 
the surface geometry of the desert surface and meteorological properties of the ambient 
medium. 
3. EROSION THEORY 
As developed in [I], change in dune height with respect to time t is related to sand 
transport rate per unit width q by the Exner-Polya equation 
-ys ah/at = aqlax (3.1) 
where yS is the density (gr/cm3) of loose sand and x is the horizontal coordinate. For a 
constant x and a steady flow, (3.1) becomes: 
dhldt = (l/yJ dqldr (3.2) 
where empirically an expression for q, derived by Hsu [5], is: 
q = Ill&I (3.3) 
where 112,,, is the wind velocity at two meters above the surface in the vertical direction. 
The distance “two meters” is, of course, less than the matching height H, and nr is a 
constant. Substitution of (3.3) into (3.2) yields 
dhldt = -7j2 I&,, (duz,/dr) (3.4) 
and this becomes along the profile S, for which dx = ds cos0, 
dhldt = -~)3 & (du2,/ds). (3.5) 
In previous papers, n2 = 4.63 10W4/y, and n3 = 2.72 10-4/cost3 and yS = 1.7 gr/cm3 
have been taken for calculations. The units for h, t, u z,,,, s, and yS are, respectively, cm, 
set, m/s, cm, and gr/cm’. 
4. NUMERICAL EXAMPLE 
For a given dune profile, Eqs. (2.23)-(2.25) give the values of u. and H. For example, 
here a moderate wind with lo, taken to be 7 meter/second is chosen to prevent separation 
on the lee side of the dune. This wind speed is quite low; however, it is enough to cause 
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erosion on the dune surface. Other numerical values for the calculation are: 
f = lo-’ l/second (for 45 degrees latitude). 
zo = 10e3 meter, K = 4 meter’kecond, 
G = 9 meter/second, Q = 35 degrees, 
and for the Exnerian erosion, ~t3 = 2.72 IO-“kos0. 
The height of the dune h at time t = to + At, at X, is: 
h = h,, + (dhldt)At (4.1) 
where ho is the height of the dune at .r for t = t o; dhldt can be calculated by Eq. (3.4). 
Table 1 and Fig. 2 present the results of approximating the solution of (4. I) over a two- 
hour time period using Euler’s method with Richardson extrapolation and a time step of 
two minutes. This gives a truncation error of less than .OOSm. While more advanced 
techniques could be utilized, they would probably not be justified because of the short 
time period studied and because of the physical limitations inherent in approximating 
erosion by using Exner’s equation. A more detailed model of erosion couId be constructed 
to yield better results and understanding of the problem. 
In this paper, the meteorological effects and two-dimensional nature of the flow field 
are introduced as an initial step towards a more general solution in this direction. The 
model is limited to small regions and the meteorological parameters such as G, ~lh, and 
OL must be defined properly for successful results. The results given in Table I are quite 
reasonable, but intensive field research is still necessary for the calibration of this fairly 
simple model. 
Table I: Sand dune movement due to geostrophic 
winds 
Length = 16.0 meters, 
Wind velocity = 7.0 m/set. Time = 2.00 hours, 
Geostrophic wind velocity = 9.00 mkec. 
h new = height of the dune after two hours and 4/1 
= neul h - h. 
The dimensions are in meters. 
x h h new Ph 
8 
9 
10 
II 
I2 
I3 
I4 
I5 
16 
0.0000 0.0000 
0.2500 0.2482 
0.5000 0.4945 
0.7500 0.7320 
0.9700 0.9494 
I.1600 I.1381 
I.3100 I.2915 
I .4x0 I .4065 
I .4900 I.4814 - 0.00863 
1.5100 1.5091 - 0.00092 
I.5200 I .5223 0.00234 
I .4700 I .4869 0.01688 
1.3000 I.5124 0.21240 
0.9300 1.0198 0.08979 
0.4700 0.4126 - 0.05745 
0.0000 0.0053 0.00528 
0.00000 
-0.00175 
- 0.00547 
-0.01797 
- 0.02058 
-0.02193 
-0.01847 
- 0.01349 
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x, horizontal distance in meters 
Fig. 2. Movement of the sand dune after two fisurs; wind velocity = 
9.0 m/see. 
7.0 miser:, geostrophic wind velocity = 
5. THE WAVE BEHAViOR OF DUNES 
Desert dunes show wavy surfaces whase imperfect wavy appearance results from winds 
from various directions. In this section, it will be s at dunes move like 
waves a~~~~di~~ to the ~i~~~~ waft ~~~~t~~~ 
where E is a known function, It is sb~w~ by Exner 163 and Craf [73 that dunes caused by 
water flows are governed by a wave equation the same as (5. I). Based on the analysis in 
the preceding sections, Eq. (5.1) is also valid for dunes caused by winds. 
In previous papers [l] and [23, the movement of sand dunes is observed in discrete 
time steps and continuous wavelike behavior was not discussed. The dune surface is a 
function of the variables x and t, h(x, t), and (3.3) may be written as 
(5.23 
The ~~~~tio~ u trn [M,x, t)] is n~rn~r~~a~~y well de~ned in Set+ 2, Equations (3.1) and 
(5.2) yiefd the f~~~t~un F as: 
(5.3) 
Since Eq+ (5.1) is a wave equation, all the properties of wave behavior such as shock 
formation and shock attenuation are exhibited, as in Whitham [S]. The authors propose 
that it is possible that shock formation and attenuation (decaying) cacrespond to the for- 
mation of steep-sided dunes frum dome dunes, and the formation of dome dunes from 
stee~sided dunes, respectively. See Fig, 3 which is drawn as a hy~uthetica~ case. The 
dome dune: has a smooth geometry whereas the bare an and star dunes have a sharp 
etry, as spawn by Fryberger [9]. 
e previous analysis in [ 13, f23, and in this paper ~~~s~d~~s the s~~~ti~~ of Eq. (5.1) 
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Fig. 3. The wave behavior of dune surfaces: formation and attenuation of steep-sided dunes. 
in discrete time intervals. This approach is quite reasonable. Its marching scheme deter- 
mines the flow field which gives first the function F[h(.r, r)] and ultimately the dune shape 
h(x, t) as the process is repeated. 
The time steps can be selected in accord with the convergence criterion chosen. At- 
tention must be paid to the formation of singularities or shock fronts during the calculations 
performed; these events are always encountered in field observations. It must be noted 
that the function F[h(x, t)] is extremely complicated and it should be the subject of in- 
tensive research if the flow separates over the dune. The analyses in [I] and [2] lead to 
a different kind of F[h(x, r)]; however, the form of Eq. (5.1) remains, of course, a wave 
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equati’on. The irregular shapes encountered in desert dune fields are due to the stochastic 
n,ature of the wind velocities and directions. 
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